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Virtual bending method to calculate bending rigidity, saddle-splay modulus, and
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A method to calculate the bending rigidity κ, saddle-splay modulus κ¯, and spontaneous curvature
C0 of a fluid membrane is proposed. Virtual work for the bending deformations into cylindrical
and spherical shapes is calculated for a flat membrane. This method does not require a force
decomposition, unlike the existing stress-profile method. The first derivative of the deformation
gives κC0 and is a discrete form of the first moment of the stress profile. The second derivatives
give κ and κ¯, and include the variance terms of the first derivatives, which are not accounted for
in the stress-profile method. This method is examined for a solvent-free meshless membrane model
and a dissipative-particle-dynamics two-bead amphiphilic molecular model. It is concluded that κ
and κ¯ of a thin membrane can be accurately calculated, whereas for a thick membrane or one with
an explicit solvent, a further extension to include the volume-fluctuation effects is required for an
accurate estimation. The amplitude of the volume-fluctuation effects can be evaluated using the
parameter dependence in the present method.
I. INTRODUCTION
Amphiphilic molecules self-assemble into various struc-
tures including spherical and worm-like micelles, vesicles,
and bicontinuous phases [1, 2]. Among them, a bilayer
membranes have been intensively studied because they
are a basic structure of biomembranes. Biomembranes
are typically in a fluid phase, and their shapes are reg-
ulated by many types of proteins via bending deforma-
tion [3–7]. Because lipid membranes maintain an almost
constant area, the bending deformation is the most im-
portant factor in understanding the biomembrane mor-
phology.
The free energy of a fluid membrane is given by
F =
∫ [κ
2
(C1 + C2 − C0)
2
+ κ¯C1C2 + γit
]
dA, (1)
where C1 and C2 are the principal curvatures, and it
is integrated over a membrane surface with an area of
A [2, 8, 9]. This denotes the energy expansion of the cur-
vatures to the second order, with coefficients of the bend-
ing rigidity κ, saddle-splay modulus or Gaussian curva-
ture modulus κ¯, and spontaneous curvature C0. γit is
the internal (bare) surface tension conjugated to the real
membrane area A [10–13]. The saddle-splay modulus κ¯
does not contribute to the shape transformation of a vesi-
cle with a fixed topology, because of the Gauss–Bonnet
theorem,
∮
C1C2dA = 4π(1− g), where g is the genus of
the vesicle.
The bending rigidity κ can be estimated by several
methods based on the fluctuation analysis or mechanical
response. The fluctuation spectrum of a flat membrane,
〈|h(q)|2〉 = kBT/(γq
2 + κq4), is the most widely used
to calculate κ in simulations [2, 14–16]. γ is the me-
chanical (frame) surface tension conjugated to the pro-
jected membrane area Axy = LxLy, where Lx and Ly
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are the side lengths of the simulation box and the mem-
brane is normal to the z direction [12]. Moreover, κ
can be calculated from the fluctuation spectra of spheri-
cal [17–20] and cylindrical [16, 21–23] membranes. For a
lipid bilayer, κ can also be calculated from fluctuations
in lipid orientation [24]. Experimentally, κ is the most
commonly measured by a tubular (tether) membrane ex-
tension from a vesicle using the force strength and sur-
face tension [25–27]. In simulations, κ can be calculated
from the force strength and radius of a cylindrical mem-
brane [16, 28]. Moreover, κ can also be calculated from
the anisotropic lateral stress of a buckled membrane in
simulations [29, 30].
The spontaneous curvature C0 can be calculated from
the force dependence on the radius of a cylindrical mem-
brane [16] and the curvature of a membrane strip [16, 31].
The saddle-splay modulus κ¯ can be calculated from the
shape transition between a flat membrane patch and vesi-
cle [32]. For a membrane with a constant spontaneous
curvature, κ¯ can also be calculated from the curvature of
a membrane patch [33].
The aforementioned methods typically require a large
membrane size. Helfrich [34] and Safran and cowork-
ers [2, 35] developed calculation formulas for κC0 and κ¯
from the first and second moments of the stress profile
of a flat membrane, respectively. These formulas require
a relatively small membrane size. However, the force de-
composition of multibody potentials is required to calcu-
late the stress profile. Three- or four-body potentials can
be uniquely decomposed into pairwise central forces (cen-
tral force decomposition (CFD)) in the three-dimensional
(3D) space [36], although other decompositions are also
available for three-body potentials (force-center decom-
position (FCD) and their hybrids) [37]. Recently, a co-
variant CFD was proposed for the unique decomposition
of n-body forces at n > 4 [38, 39]. However, it cannot
properly decompose the forces caused by several pairwise
potentials, as described in Appendix A. The obtained
value of κ¯ is largely dependent on the force decomposi-
2tion [37], and deviates from the expected value even in
a solvent-free molecular model consisting only of pair-
wise potentials [32]. In principle, macroscopic quantities
such as κ¯ should not depend on an arbitrary choice of
local quantities. The first moment of the stress profile
has been investigated significantly less because C0 = 0
for a symmetric membrane. To our knowledge, κC0 was
calculated using the stress-profile method for the mono-
layer consisting of a bilayer of an solvent-free molecular
model [32] and for monolayers in the solvent interface
and bilayer using a self-consistent field theory [40].
In this study, we propose a calculation method for κ,
κ¯, and κC0 from a flat membrane with a relatively small
computational cost. Virtual bending deformations are
considered, and the free-energy change is directly calcu-
lated from the forces and second derivatives of potentials
without using force decompositions. In Sec. II, we first
outline the previous method based on the stress profile
and then propose the virtual bending method. We show
that the first derivative of the virtual bending method is
the discrete form of the first moment of the stress profile
in Sec. II E. We apply this method to a solvent-free mesh-
less membrane and an explicit-solvent bilayer membrane
in Sec. III and IV, respectively. It works excellently for
the former, but there is scope for further improvement
in the volume-fluctuation effects in the latter case. A
summary and discussion are given in Sec. V.
II. THEORY
A. Previous Method Based on the Stress Profile
First, we present the formulas to calculate κC0 and κ¯
from the stress profile [34, 35]. The bending deformation
is divided into lateral and vertical deformations using a
pyramid approximation, in which the normal direction
is fixed [35]. In the lateral deformation, the membrane
thickness is fixed, and the local volume change of the
membrane is given by
δV = A0(2zdzδH + z
2dzδK), (2)
where δH and δK are the local variations of the mean
curvature H = (C1 + C2)/2 and Gaussian curvature
K = C1C2, respectively. The origin of the vertical (z)
coordinate is set to maintain a constant lateral area A0 at
z = 0 under the bending deformation. In the vertical de-
formation, the membrane thickness changes to maintain
its volume. The work done per unit area to make these
deformations is separately calculated for lateral and ver-
tical deformations. Using the expansion of the stresses
to the first order of H and comparing with Eq. (1), the
first and second moments of the stress profile give κC0
and κ¯, respectively:
−κC0 =
∫
(σ‖(z)− σzz(z))z dz, (3)
κ¯ =
∫
(σ‖(z)− σzz(z))z
2 dz, (4)
where σ‖(z) and σzz(z) are the lateral and vertical
stresses, respectively.
B. Virtual Work for Deformation
For a perturbation variable λ under constant volume
and temperature, the first and second derivatives of the
free energy F are derived as
F = −kBT ln
(∫
e−E/kBT dE
)
, (5)
∂F
∂λ
∣∣∣∣
V,T
=
∫
∂E
∂λ e
−E/kBTdE∫
e−E/kBTdE
=
〈∂E
∂λ
〉
V,T
, (6)
∂2F
∂λ2
∣∣∣∣
V,T
=
〈∂2E
∂λ2
〉
V,T
(7)
−
1
kBT
(〈(∂E
∂λ
)2〉
V,T
−
〈∂E
∂λ
〉2
V,T
)
,
where E and kBT are the internal and thermal energies,
respectively, and 〈...〉 represents the ensemble average.
The first derivative of the free energy is the ensemble
average of the derivative of the internal energy. In con-
trast, the second derivative also has a second (variance)
term, which indicates the thermal-fluctuation effects. For
bending deformations, a curvature C is taken as a per-
turbation variable with constant membrane area: λ = C.
In the derivation of the previous method using the
stress profile [Eq. (4)], this second term is not consid-
ered. In typical molecular simulations, the thermal fluc-
tuations are significant and thus, the second term is non-
negligible. Therefore, the stress-profile method is not ap-
plicable to molecular simulations. In particular, for lipid
membranes, molecular fluctuations and entropy are key
factors in distinguishing a fluid phase and gel or crystal
phases.
C. Surface Tension
Let us consider that a flat fluid membrane consists ofN
particles (atoms or coarse-grained particles representing
multiple atoms), which interact with each other via a
potential U(r1, ..., rN ). The membrane is connected by
periodic boundary conditions in the xy plane.
Before discussing the bending deformation, we consider
the affine deformation to calculate the mechanical surface
tension γ as a simpler system. The affine deformation
for an isotropic surface expansion in the xy plane is ex-
pressed as
r
′
i =

 1 + ε/2 0 00 1 + ε/2 0
0 0 1− ε

 ri, (8)
where ri and r
′
i are the positions of the i-th particle before
and after the deformation, respectively. The volume is
fixed in O(ε) for a small deformation of ε≪ 1.
3FIG. 1. Schematic drawing of the bending deformations of a
fluid membrane. (a) Cylindrical deformation. The membrane
bends along the x direction with a curvature of Ccy. (b)
Spherical deformation. The membrane bends isotropically in
the xy plane with a curvature of Csp.
The free-energy change due to this deformation is
caused by the surface energy ∆F = γ∆Axy. Therefore,
the surface tension is given by
γ =
1
Axy
∑
i
〈1
2
(
xi
∂U
∂xi
+ yi
∂U
∂yi
)
− zi
∂U
∂zi
〉
, (9)
using ∆Axy = εAxy with Eqs. (6) and (8). This expres-
sion is the same as derived from the virial expression of
the stress: γ = [(σxx + σyy)/2 − σzz ]/Axy. Because the
fluid membrane is laterally isotropic, σxx = σyy = σ‖. To
obtain a better accuracy, the lateral stress is usually cal-
culated as the average of two stresses, σ‖ = (σxx+σyy)/2
in molecular simulations. Moreover, in the numerical cal-
culation of Eq. (9), the different origin of the coordinate
should be employed for each potential to reduce numer-
ical errors as described in Ref. [37]. When the potential
interaction crosses the periodic boundary, the periodic
image (xi±xxLx, yi±nyLy) is employed, as in the force
calculation.
Thus, the expression for the surface tension can be
derived from the affine deformation. Note that the local
stress decomposition is not required for this calculation,
so it is free from the non-uniqueness of the local stress
field.
D. Virtual Bending Method
We consider two types of bending deformation of a flat
fluid membrane: deformation into cylindrical and spher-
ical shapes, as depicted in Fig. 1. One cannot globally
bend the membrane with a constant curvature under pe-
riodic boundary conditions. However, the bending defor-
mation of a local region is possible. We consider the local
deformations as described below in this subsection. Here,
only local potential interactions are considered; that is,
the maximum interaction distances of the potentials are
shorter than half the minimum side length of the simu-
lation box.
As in the affine deformation described in Sec. II C, the
local volume is fixed during the deformation. The origin
of the z coordinate is set to maintain a constant lateral
area at z = 0 under the deformation, as considered in
Sec. II A. This plane of z = 0 deforms into a cylindrical
arc or spherical cap with a curvature radius of 1/Ccy or
1/Csp, respectively.
For the cylindrical and spherical deformations, the free
energy is expressed as F = (κ/2)(Ccy−C0)
2Axy and F =
[(κ/2)(2Csp − C0)
2 + κ¯C2sp]Axy, respectively. Therefore,
the first and second derivatives are given by
∂F
∂Ccy
∣∣∣∣
V,T,Ccy=0
= −κC0Axy =
〈 ∂U
∂Ccy
〉
, (10)
∂2F
∂C2cy
∣∣∣∣
V,T,Ccy=0
= κAxy =
〈 ∂2U
∂C2cy
〉
(11)
−
1
kBT
(〈( ∂U
∂Ccy
)2〉
−
〈 ∂U
∂Ccy
〉2)
,
∂2F
∂C2sp
∣∣∣∣
V,T,Csp=0
= (4κ+ 2κ¯)Axy =
〈 ∂2U
∂C2sp
〉
(12)
−
1
kBT
(〈( ∂U
∂Csp
)2〉
−
〈 ∂U
∂Csp
〉2)
,
where the averages are taken at a constant volume and
temperature of the flat membrane. The bending rigid-
ity κ is calculated using Eq. (11), and the saddle-splay
modulus κ¯ is calculated from Eqs. (11) and (12) as
κ¯ = (∂2F/∂C2sp|V,T,Csp=0/2−2∂
2F/∂C2cy|V,T,Ccy=0)/Axy.
The last terms of Eqs. (11) and (12) on the fluctuations
are missing in the previous method described in Sec. II A.
To calculate 〈∂U/∂Ccy〉, 〈∂
2U/∂C2cy〉, and
〈∂2U/∂C2sp〉, local deformations of the membrane
are considered. In molecular simulations, the potential
U typically consists of multiple types of local potentials
as
U(r1, ..., rN ) =
N∑
n=2
∑
kn
Ukn(rkn,1, ..., rkn,n), (13)
where each Ukn is an n-body potential that is invariant
under translation and rotation. The energy change of
each potential Ukn is determined by the relative posi-
tional changes of the interacting particles rkn,1, ..., rkn,n.
The magnitudes of these positional changes in the
second-order approximation depend on the origin rcc of
the deformation in the xy plane, unlike in the first-order
level. For pairwise potentials, the middle position of two
interacting particles (i and j) is taken from the geomet-
rical symmetry as rcc = (ri + rj)/2. For multibody po-
tentials, the geometrical center, rcc =
∑n
j rj/n, can be
the center position; however, other choices are also avail-
able. We have examined different choices for the meshless
membrane and observe no significant effects on the esti-
mated values when the center is chosen in a reasonable
manner, as described in the next section.
After the cylindrical deformation, the position of the
4i-th particle is given by
x′i = r
′
i sin θc,i, (14)
y′i = yi, (15)
z′i = r
′
i cos θc,i −
1
Ccy
, (16)
where
θc,i = Ccyxi, (17)
r′c,i =
1
Ccy
+ zi −
1
2
z2iCcy +
α1
2
z3iC
2
cy. (18)
The local volume is kept constant at α1 = 1 in the order
of C2cy. For the analogy of the second term in the free-
energy expansion (Eq. (7)), the volume-fluctuation term
might be required for the second order of Ccy. Although
the total volume is fixed, the local volume fluctuates.
To examine its effects, the factor α1 is considered here.
Similarly, the cylindrical deformation in the y direction
is obtained.
Using the expansion of cos θ and sin θ to the second
order, the positional change is rigorously expressed in
the second order of Ccy as
x′i = xi
[
1 + ziCcy −
(
z2i
2
+
x2i
6
)
C2cy
]
+O(C3cy), (19)
z′i = zi −
1
2
(z2i + x
2
i )Ccy +
zi
2
(α1z
2
i − x
2
i )C
2
cy +O(C
3
cy).
(20)
Similarly, for the spherical deformation, the positional
change is expressed in the second order of Csp as
ρ′i = r
′
s,i sin θs,i (21)
= ρi
[
1 + ziCsp −
(
z2i +
ρ2i
6
)
C2sp
]
+ O(C3sp),
z′i = r
′
s,i cos θs,i −
1
Csp
(22)
= zi −
(
z2i +
ρ2i
2
)
Csp + zi
(
5α2
3
z2i −
ρ2i
2
)
C2sp +O(C
3
sp).
where ρi =
√
x2i + y
2
i , ρ
′
i =
√
x′2i + y
′2
i , and θs,i = Cspρi.
The position is radially varied as
r′s,i =
1
Csp
+ zi − z
2
iCsp +
5α2
3
z3iC
2
sp, (23)
where the local volume is kept constant at α2 = 1.
The energy change of the potential Ukn for a small
deformation is given by
δUkn ≃
n∑
j
(
δxj
∂Ukn
∂xj
+ δyj
∂Ukn
∂yj
+ δzj
∂Ukn
∂zj
)
(24)
+
1
2

 n∑
j
δxj
∂
∂xj
+ δyj
∂
∂yj
+ δzj
∂
∂zj


2
Ukn .
For the cylindrical deformation, δUkn is expressed as a
function of Ccy by substituting δxj = x
′
j − xj , δyj = 0,
and δzj = z
′
j−zj of Eqs. (19) and (20) into Eq. (24). Sub-
sequently, after averaging δUkn for the cylindrical defor-
mations along the x and y directions, the first and second
derivatives are obtained as
〈∂Ukn
∂Ccy
〉
=
n∑
j
〈
zj
2
(
xj
∂Ukn
∂xj
+ yj
∂Ukn
∂yj
)
(25)
−
(
z2j
2
+
x2j + y
2
j
4
)
∂Ukn
∂zj
〉
,
〈∂2Ukn
∂C2cy
〉
=
n∑
j
〈
− xj
(
z2j
2
+
x2j
6
)
∂Ukn
∂xj
(26)
−yj
(
z2j
2
+
y2j
6
)
∂Ukn
∂yj
+zj
(
α1z
2
j −
x2j + y
2
j
2
)
∂Ukn
∂zj
〉
+
1
2
〈
 n∑
j
xjzj
∂
∂xj
−
z2j + x
2
j
2
∂
∂zj


2
Ukn
+

 n∑
j
yjzj
∂
∂yj
−
z2j + y
2
j
2
∂
∂zj


2
Ukn
〉
.
Similarly, for the spherical deformation, substituting
δxj/xj = δyj/yj = (ρ
′
j − ρj)/ρj and δzj = z
′
j − zj of
Eqs. (21) and (22) into Eq. (24) yields
〈∂2Ukn
∂C2sp
〉
=
n∑
j
〈
−
(
2z2j +
x2j + y
2
j
3
)(
xj
∂Ukn
∂xj
+ yj
∂Ukn
∂yj
)
+zj
[
10
3
α2z
2
j − (x
2
j + y
2
j )
]
∂Ukn
∂zj
〉
+
〈[ n∑
j
xjzj
∂
∂xj
+ yjzj
∂
∂yj
−
(
z2j +
x2j + y
2
j
2
) ∂
∂zj
]2
Ukn
〉
. (27)
For a pairwise potential Upair(rij) between the i-th and
5j-th particles,
〈∂Upair
∂Ccy
〉
=
〈(ρ2ij
2
− z2ij
)zG
rij
∂Upair
∂rij
〉
, (28)
〈∂2Upair
∂C2cy
〉
=
〈[
(3α1 + 1)z
2
ijz
2
G +
α1
4
z4ij (29)
−
x4ij + y
4
ij
24
−
ρ2ijz
2
ij
4
]
1
rij
∂Upair
∂rij
+
z2G
2
[
(x2ij − z
2
ij)
2 + (y2ij − z
2
ij)
2
]
( 1
r2ij
∂2Upair
∂r2ij
−
1
r3ij
∂Upair
∂rij
)〉
,
〈∂2Upair
∂C2sp
〉
=
〈[
(10α2 + 4)z
2
ijz
2
G − ρ
2
ijz
2
G (30)
−
3ρ2ijz
2
ij
4
−
ρ4ij
12
+
5α2z
4
ij
6
]
1
rij
∂Upair
∂rij
+
(
ρ4ij + 4z
4
ij − 4ρ
2
ijz
2
ij
)
z2G( 1
r2ij
∂2Upair
∂r2ij
−
1
r3ij
∂Upair
∂rij
)〉
,
where rij = |rij |, rij = ri − rj , rG ≡ (xG, yG, zG) =
(ri + rj)/2 and ρ
2
ij = x
2
ij + y
2
ij . Equations (29) and (30)
are derived using the origin rcc = rG, whereas this is not
necessary for the derivation of Eq. (28).
E. First Derivatives and First Moments of Stress
Profiles
The first derivative of the cylindrical deformation
[Eqs. (10) and (25)] gives −κC0 by dividing by Axy. This
coincides with the formula for κC0 using the first moment
of the stress-profile method [Eq. (3)] and is independent
of the choice of the origin rcc of the deformation in the xy
plane. For pairwise potentials, this relation is straight-
forwardly determined from Eq. (28). For multibody po-
tentials, it is derived as follows. An n-body potential
Ukn can be expressed as a function of the distances of
n(n − 1)/2 particle pairs as Ukn = U˘kn(R), where R is
an (n(n − 1)/2)-dimensional vector of the particle-pair
distances [36, 41]. For n > 3 and n > 4, U˘kn(R) is
not uniquely determined in the 2D and 3D spaces, re-
spectively. The force decomposition into central forces
(CFD) is expressed as ∂Ukn/∂ri = −
∑
j fij rˆij , where
fij = −∂U˘kn/∂rij and rˆij = rij/rij . Hence, the first
derivative 〈∂Ukn/∂Ccy〉 is given by the sum of the stress
contributions of the central force fij , as ∂Upair/∂rij is
replaced by −fij in Eq. (28). This relation is valid for
any choice of U˘kn(R). Therefore, the present method
derives the same formula for κC0 as the stress-profile
method for any potential of Ukn . Conversely, the ex-
pression using Eq. (25) is interpreted as a discrete form
of the first moment of the stress profile. This means that
the first moment of the stress profile is not modified by
the choice of CFD. The FCD and hybrid decomposition
for three-body potentials [37] also give the correct value
of the first moment. By substituting Eqs.(10) and (13)
in Ref. 37 to the first moment of FCD, that of CFD is
obtained. By contrast, the Goetz–Lipowsky force decom-
position [14], fij = (fi − fj)/n, which does not conserve
angular momentum, gives an incorrect value. Thus, the
angular-momentum conservation is likely to be a neces-
sary condition for force decomposition to give the first
moment correctly.
In contrast to the first derivative, the second deriva-
tives depend on the choice of rcc. When the forces are
decomposed, the second derivatives and second moment
of the stress profile are dependent on U˘kn(R).
III. MESHLESS MEMBRANE
A. Model
To examine the virtual bending method, we first ap-
ply it to a solvent-free meshless membrane model. It was
proposed by us in Ref. 42 and applied to various prob-
lems, including self-assembly dynamics, membrane rup-
ture [43], membrane buckling [29], and the interaction
of the binding sites between membranes [44]. The mem-
brane is represented by a self-assembled one-layer sheet
of N particles, as shown in Fig. 2(a). The details of this
meshless membrane model are described in Ref. 42; we
briefly explain it here.
The particles interact with each other via the potential
U = ε(
∑
i<j Urep,ij +
∑
i Uatt,i) + kα
∑
i Uα,i, which con-
sists of a soft-core excluded-volume potential Urep,ij with
a diameter σ, an attractive potential Uatt,i, and a curva-
ture potential Uα,i. The excluded-volume potential is
given by a pairwise potential, Urep,ij = exp[−20(rij/σ −
1)+0.126]fcut(rij/σ). The interaction is smoothly cutoff
by a C∞ cutoff function [42]:
fcut(s) = exp
[
A
(
1+
1
(|s|/scut)12 − 1
)]
θ(scut−s), (31)
where θ(s) denotes the unit step function. For Urep,ij ,
the parameters A = 1 and scut = 1.2 are used.
The potential Uatt,i is a function of the local density
of particles ρi =
∑
j fcut(rij/σ), with the parameters
shalf = 1.8, scut = 2.1, and A = ln(2)[(scut/shalf)
12 − 1].
Here, ρi denotes the number of particles in a sphere of ra-
dius approximately ratt = shalfσ. The potential Uatt,i is
given by Uatt,i = 0.25 ln[1+exp{−4(ρi−ρ
∗)}]−C where
C = 0.25 ln{1+exp(4ρ∗)}. This multibody potential acts
as a pair potential Uatt,i ≃ −ρi with the cutoff at ρi ≃ ρ
∗,
and it can stabilize the fluid phase of membranes over a
wide range of parameter sets.
The curvature potential is given by Uα,i = αpl(ri). The
6shape parameter aplanarity αpl is defined as
αpl =
9λ1λ2λ3
(λ1 + λ2 + λ3)(λ1λ2 + λ2λ3 + λ3λ1)
, (32)
where λ1, λ2, and λ3 are the eigenvalues of the
weighted gyration tensor, aαβ =
∑
j(αj − αG)(βj −
βG)wmls(rij), where α, β = x, y, z and rG =∑
j rjwmls(rij)/
∑
j wmls(rij). The aplanarity αpl rep-
resents the degree of deviation from a plane, and it is
proportional to λ1 for λ1 ≪ λ2, λ3. A Gaussian function
with a C∞ cutoff [42] is employed as a weight function:
wmls(rij) = exp
[ (rij/1.5σ)2
(rij/3σ)12 − 1
]
θ(3σ − rij). (33)
In this study, we use N = 100 or 1600, ε/kBT = 4,
and ρ∗ = 6. A flat membrane is set along the xy plane
with periodic boundary conditions. The dynamics of the
membrane are simulated with a Langevin thermostat as
m
dvi
dt
= −
∂U
∂ri
− ζvi + ξi(t), (34)
where m is the mass of the membrane particle and ζ
is the friction constant. The Gaussian white noise ξi(t)
obeys the fluctuation–dissipation theorem. The tension-
less membrane is used by adjusting the projected mem-
brane area. On average, each particle interacts with 8
and 19 neighboring particles for Uatt,i and Uα,i, respec-
tively. The error bars are estimated from three indepen-
dent runs.
B. Estimation of κ and κ¯
Figure 2(b) shows the bending rigidity κ estimated
by the proposed virtual bending method with α1 = 1
in comparison with the membrane-fluctuation method.
They show excellent agreement in the wide range of
κ = 10kBT –100kBT . The bending rigidity κ is linearly
dependent on kα. In the membrane-fluctuation method,
κ is calculated from the height fluctuation spectrum h(q)
of a flat membrane. The influence of the short-range
particle protrusion is removed using extrapolation to the
upper-cutoff frequency qcut → 0 [16].
The saddle-splay modulus κ¯ is estimated using the vir-
tual bending method with α1 = α2 = 1 and the mem-
brane closure method described in Appendix B as shown
in Fig. 2(c). Considering a possible systematic error in
the membrane closure method ∆κ¯/κ = ±0.1 [33], the
obtained κ¯ values agree very well. In general, for lipid
membranes, κ¯/κ ∼ −1 [32].
As described earlier, the proposed method accurately
determines the κ and κ¯ values of the meshless mem-
brane. However, we now survey the parameter depen-
dence in detail. Figure 3 shows the dependence on the
parameters α1 and α2, which are introduced to evalu-
ate the volume-fluctuation effects. The work done for
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FIG. 2. Calculation of the bending rigidity κ and saddle-
splay modulus κ¯ of the meshless membrane model. (a) Snap-
shot of the membrane at kα/kBT = 10 and N = 1600. (b,
c) Dependence of (b) κ and (c) κ¯ on kα. The squares and
dashed lines represent the data calculated from the present
method with α1 = α2 = 1 for N = 100. The circles represent
the data calculated from (b) the membrane-fluctuation spec-
trum at N = 1600 and (c) the membrane closing probability
described in Appendix B.
cylindrical and spherical deformations (κ and 4κ + 2κ¯)
is slightly dependent on α1 and α2, respectively. They
show a linear dependence for all parameter sets. The
amplitude of the slope decreases with increasing α1 and
α2, as shown in Fig 3(b). This is due to the suppression
of membrane fluctuations at higher bending rigidity at
greater values of kα. Therefore, the contribution of these
volume-constraint terms is extremely small: the terms
modify κ and κ¯ by less than 0.3kBT , even if they are
removed as α1 = α2 = 0.
The contributions of the variance terms are shown in
Fig. 4. They are the last terms in Eqs. (11) and (12) for
the cylindrical and spherical deformations, respectively.
This contribution can be significant; it becomes larger
than κ and |κ¯| at low bending rigidity, although it de-
creases with increasing kα. Moreover, as the system size
is increased from N = 100 to N = 1600, the contribution
becomes ten times greater. Nevertheless, the difference
between the obtained values of κ and κ¯ between N = 100
and 1600 is less than 0.6kBT . Hence, these large differ-
ences in the variance terms are canceled out by those
of the other terms. If these variance terms are ignored,
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FIG. 3. Dependence on α1 and α2 for the meshless mem-
brane model at N = 100. The circles and squares repre-
sent the data for the cylindrical and spherical deformations,
respectively. (a) Deformation energy compared to that at
α1 = 1 or α2 = 1 for kα/kBT = 10. The solid lines are ob-
tained by a least-squares fit to ∆Ucy/kBT = bcyα1 + Uc0 and
∆Usp/kBT = bspα2+Us0. (b) Slopes of the lines as a function
of kα.
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FIG. 4. Contributions of the variance terms [the last terms
in Eqs. (11) and (12)] to the deformation energy of the mesh-
less membrane model. The solid and dashed lines represent
the contributions to κ and −κ¯, respectively. The upper and
lower two lines indicate the data at N = 1600 and N = 100,
respectively.
greater values are incorrectly estimated for κ and |κ¯|.
Thus, the variance terms are non-negligible.
The potentials Uatt,i and Uα,i are multibody poten-
tials. For Uatt,i, we examine three types of center of
the deformations: the geometrical center, the coordinate
ri of the center particle, and the center of the particle
pair (ri + rj)/2 after decomposing the forces to pairwise
forces. For Uα,i, we examine two types of center of the
deformations: the center rG and the coordinate ri of the
center particle. The influences of these different centers
are negligible at less than 0.04kBT .
IV. DPD MEMBRANE
A. Model
As an explicit-solvent membrane model, we choose a
membrane consisting of two-bead molecules with dissi-
pative particle dynamics (DPD) potentials. DPD is a
coarse-grained molecular simulation method that uses
a soft-core repulsive potential and a pairwise Langevin
thermostat [45–47]. It has been widely applied to am-
phiphilic molecules [48–50]. Here, we use a simple two-
bead amphiphilic-molecule model [51].
The particles interact with each other via a pairwise
repulsive potential,
UDPD(rij) =
akℓ
2
(rij/rcut − 1)
2θ(rcut − rij), (35)
where k and ℓ are particle types. Here, three types of
particles are considered: solvent (w), head (h), and tail
(t). The amphiphilic molecule consists of two particles
(h and t) connected by a harmonic bond potential,
Ubond(ri,i+1) =
b
2
(ri,i+1/rcut − 1)
2. (36)
Following Ref. 51, the parameters aww = ahh = att =
awh = 100kBT , aht = 200kBT , awt = 300kBT , and b =
480kBT are used. A total of 664 amphiphilic molecules
and 3856 solvent particles are set in a cubic simulation
box with a side length of 12rcut under periodic boundary
conditions (mean particle density ρDPD = 3/r
3
cut). The
membrane is normal to the z-axis and in a tensionless
state in a fluid phase. The bending rigidity and saddle-
splay modulus are calculated as κ/kBT = 18.0 ± 0.3
and κ¯/κ = −1.06 using the fluctuation spectrum of a
flat membrane and membrane-closure transition, respec-
tively, in Ref. 51.
The equation of motion for the i-th particle with mass
m is given by
m
dvi
dt
= −
∂U
∂ri
+
∑
j 6=i
{−w(rij)vij · rˆij + ξij(t)} rˆij , (37)
where the Gaussian white noise ξij(t) obeys the
fluctuation–dissipation theorem and a weight w(rij) =
8-40000
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FIG. 5. Dependence on α1 and α2 for the simple DPD fluid
at aww = 100kBT for the (a) cylindrical and (b) spherical de-
formation. The circles, triangles, and squares represent data
with cutoff zcut = 2, 3, and 4, respectively. The error bars
are smaller than the line thickness.
(1 − rij/rcut) is used. The DPD equation (37) is dis-
cretized by Shardlow’s S1 splitting algorithm [52, 53].
The results are displayed with the length unit rcut. The
error bars are estimated from three or ten independent
runs.
B. Simple DPD Fluid
Before discussing the membrane, we consider a simple
DPD fluid consisting of a single type (w) of particles. The
cubic simulation box is filled with 5184 solvent particles
(ρDPD = 3/r
3
cut). Because it is in a fluid state, the simple
DPD fluid can freely change its shape while maintaining
a constant volume; hence, it exhibits zero surface tension
and zero bending rigidity.
Figure 5 shows the free-energy changes for the cylin-
drical and spherical deformations at aww = 100kBT from
Eqs. (11) and (12), respectively. The virtual deforma-
tions of the region |z| < zcut are calculated. When an
interacting particle pair crosses the boundary (±zcut),
the first and second derivatives are linearly divided into
two regions with a ratio of |(zcut − zi)/zji|. Note that
it is not sensitively dependent on the division methods;
when |(z2cut−z
2
i )/(z
2
j −z
2
i )| is used instead for the second
derivatives, only negligible differences are found. The
energy changes exhibit a linear dependence on the pa-
rameters α1 and α2, as shown in Figs. 5(a) and (b), re-
spectively, and can vanish at α1 and α2 = 0.7–0.9: α1 =
0.7331±0.0003, 0.8185±0.0002, and 0.8632±0.0004, and
α2 = 0.6945±0.0003, 0.7923±0.0002, and 0.8435±0.0004
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FIG. 6. Membrane of the two-bead DPD model. (a) Snap-
shot of the membrane. The red and yellow spheres represent
the head (h) and tail (t) particles, respectively. The solvent
(w) particles are not shown for clarity. (b) Vertical profile of
the number density ρDPD of the head (h), tail (t), and solvent
(w) particles along the z-axis. The origin of the z-axis is set
at the center of the mass of the membrane. The error bars
are smaller than the line thickness.
for zcut = 2, 3, and 4, respectively. Hence, the values
at vanishing energy changes slightly increase with an in-
crease in the cutoff zcut. As zcut increases, the magni-
tudes of the slopes increase. We also simulate the DPD
fluid at aww/kBT = 25, 50, and 150. A similar depen-
dence on zcut is obtained. The magnitudes of the slopes
linearly increase with increasing aww. By contrast, the
vanishing values of α1 and α2 decrease approximately lin-
early with increasing aww and are in the range of 0.5–1.
Thus, the virtual bending method cannot calculate κ and
κ¯ without adjustments to α1 and α2.
C. Membrane
Next, we consider a membrane consisting of two-bead
DPD amphiphiles. As shown in Fig. 6, the membrane
forms a clear bilayer structure. The free-energy changes
for the cylindrical and spherical deformations similarly
exhibit a linear dependence on α1 and α2 (Fig. 7), as
obtained in the DPD fluid. When the energy changes
are cutoff at the membrane interface, the interactions
between the solvent particles are not considered. and the
interactions between the solvent and membrane particles
are half considered. The expected values [κ/kBT = 18
and (4κ+2κ¯)/kBT = 36] are obtained at α1 = 1.00±0.03
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FIG. 7. Dependence on α1 and α2 of the two-bead DPD
model for the (a) cylindrical and (b) spherical deformation.
The circles and squares represent data with cutoff at the
membrane–solvent interface and zcut = 2, respectively. The
error bars are smaller than the line thickness.
and α2 = 1.02± 0.03 for the membrane–solvent interface
cutoff, and at α1 = 0.62± 0.02 and α2 = 0.56± 0.02 for
zcut = 2, respectively. Thus, κ and κ¯ are estimated at the
local-volume conservation condition (α1 = α2 = 1) in the
case of the membrane–solvent interface cutoff. However,
since they largely depend on α1 and α2, it is very difficult
to precisely estimate κ and κ¯ using the present scheme.
An extension of the present method to account for the
volume fluctuations is required to apply it to membranes
in explicit solvents.
V. SUMMARY AND DISCUSSIONS
We have proposed a calculation method for κ, κ¯, and
C0 of a fluid membrane. The free-energy changes caused
by the cylindrical and spherical deformations are rigor-
ously derived. The first derivative is a discrete form of
the first moment of the stress profile. We also clarified
that the first moment is independent of the choice of the
angular-momentum conserving force decomposition. The
second derivatives involve the variance term of the first
derivative to express the thermal-fluctuation effects that
is not considered in the previous stress-profile method.
For the meshless membrane model, κ and κ¯ can be
accurately calculated from the second derivatives. This
requires a significantly smaller membrane size than other
methods. The effects of the volume fluctuations are negli-
gible. By contrast, for the DPD membrane model, exces-
sively large volume-fluctuation effects are found, requir-
ing an extension to consider these effects for a reason-
able estimation of κ and κ¯. Thus, the proposed method
works very well for a thin membrane in a vacuum or an
implicit-solvent. However, it requires a further extension
for a thick membrane or an explicit-solvent condition.
The magnitude of the volume-fluctuation effects can be
estimated from the dependence on the volume parame-
ters α1 and α2.
In general, macroscopic quantities such as κ and κ¯
should not depend on an arbitrary choice of the local
force fields. Here, the first derivative for κC0 is inde-
pendent of the choices of the force decomposition or the
lateral center position of deformation. The second deriva-
tives for κ and κ¯ are dependent not on the force decom-
position but on the center position. This is because the
second-order deformation depends on the center position.
However, it is found that this dependence is negligible
when the center is chosen in a reasonable manner. If
one pursues the rigid uniqueness, the center can be likely
determined as the position minimizing the deformation
energy. Because the second moment of the stress profile
is significantly affected by the choices of the force de-
composition, the stress-profile method is unsuitable for
calculating κ¯ even if the fluctuation effects are included.
However, for deterministic continuum simulations, the
stress-profile method may be applicable for κ¯ estimation
because thermal fluctuations are not accounted for and
the local stress is explicitly defined.
The present virtual work method can be applied to
different types of material deformation, such as shear
and twisting. For the first derivative of the deformation,
the present procedure can be straightforwardly applied
to other systems. However, a careful examination of the
fluctuation effects is required for the second derivatives.
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Appendix A: Uncertainty of Force Decomposition
Although the global stress is uniquely determined in
molecular simulations using the virial calculation, a local
stress field depends on the choice of force propagation
pathway [36, 37]. When forces are assumed to propa-
gate along straight lines between interacting particles,
the forces of Ukn are decomposed into central forces of
the form fi =
∑n−1
j fij rˆij . As the forces have 2n− 3 and
3(n− 2) degrees of the freedom in the 2D and 3D spaces,
the values of n(n− 1)/2 force pairs are not uniquely de-
termined for n > 3 and n > 4, respectively.
When the force pairs are represented by an (n(n −
1)/2)-dimensional vector Ψ = (f12, ...fij , ...), the avail-
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FIG. 8. Closing probability Pves of a membrane patch for
the meshless membrane model at N = 1500 and kα = 20kBT .
The circles represent the simulation data. Each probability is
calculated from 500 samples. The solid gray lines are obtained
through fitting to Eq. (B2).
able force pairs are expressed as [39, 54]
Ψ = Ψ0 +
nrest∑
ℓ
aℓΨℓ (A1)
where nrest = n(n − 1)/2 − (2n − 3) and nrest = n(n −
1)/2 − 3(n − 2) in the 2D and 3D spaces, respectively,
and aℓ is an arbitrary real number. Ψℓ gives no forces
on the particles (fi,ℓ =
∑n−1
j fij,ℓrˆij = 0) and can be de-
termined by using Cayley–Menger determinants for a kD
volume, where k > 3 and k > 4 in the 2D and 3D spaces,
respectively. Ψ0 is taken orthogonally to the other vec-
tors as Ψ0 ·Ψℓ = 0, so that Ψ0 is uniquely determined.
Ψ0 is called a covariant [39] or irrotational [54] compo-
nent. In the covariant CFD, Ψ0 is used as the unique
force decomposition [39]. In other words, the covariant
CFD chooses the decomposition that yields the minimum
of Ψ2 =
∑
ij f
2
ij .
Let us consider an n-body potential Usp that can be
expressed by the sum of pairwise potentials in a cer-
tain limit, Usp =
∑
k Upair,k(rij), for n > 4. In this
limit, the forces should be decomposed into these pair-
wise forces fij = −∂Upair,k/∂rij . However, the covari-
ant CFD or any other decomposition based only on the
forces fi cannot predict the correct decomposition be-
cause the forces do not have sufficient information for
it. In specific cases such as the aforementioned pairwise
potentials, the force decomposition may be chosen for a
physical or mathematical reason. However, the decom-
position is not uniquely determined in general. A similar
non-uniqueness problem appears in the discretization of
the Navier–Stokes equation (NSE) [55]. Since the form
of the stress field is known in the NSE, the correct dis-
cretization is obtained by following the stress field.
Appendix B: Membrane Closure
The saddle-splay modulus κ¯ can be calculated from
the transition between a circular membrane patch and a
spherical vesicle [32]. When a spherical cap with the cur-
vature radius R is assumed to be in an intermediate state,
the excess energy, ∆E, of the membrane with respect to
the flat circular membrane patch is given by [56]
∆E(Ω2, Γ˜) = 4π(2κ+ κ¯)
[
Ω2 + Γ˜(
√
1− Ω2 − 1)
]
, (B1)
where Γ˜ = ΓRves/(2κ + κ¯), Ω = Rves/R, and Rves =√
A/4π. Γ is the line tension of the membrane edge, and
A is the membrane area. The normalized curvature Ω is
an order parameter. At Γ˜ = 1, the flat patch (Ω = 0) and
vesicle (Ω = 1) have the same energy and, for 0 < Γ˜ < 2,
a free-energy barrier exists at 0 < Ω < 1.
The free-energy barrier can be determined by collect-
ing samples in which pre-curved membranes change into
open disks or closed vesicles. The probability P (Ω2) of
this change occurring is derived for the initial Ω as [32]
Pves(Ω
2) =
∫ Ω2
0
du exp
(
∆E(u,Γ˜)
D˜
)
∫ 1
0 du exp
(
∆E(u,Γ˜)
D˜
) . (B2)
The parameters D˜ and Γ˜ are obtained by fitting this
function to the simulation data; κ¯ is determined from
the value of Γ˜ with the separately calculated κ and Γ.
This method is first applied to a solvent-free molecu-
lar model [32] and later to the MARTINI model [57],
the two-bead DPD-molecule model (Sec. IV) [51], and
a spin meshless membrane model [33]. Here, we calcu-
lated κ¯ of the moving-least-squares meshless membrane
as employed in Sec. III. The closing probability, Pves is
fit to Eq. (B2) very well as shown in Fig. 8. Hence,
κ¯/κ = −1.04± 0.01 is obtained from κ/kBT = 44.1± 0.6
and Γσ/kBT = 4.46± 0.03.
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